Abstract-We consider the problem of mathematical modeling of oxidation-reduction oscillatory chemical reactions based on the Belousov reaction mechanism. The process of main component interaction in such a reaction can be interpreted by a phenomenologically similar to it predator-prey model. Thereby, we consider a parabolic boundary value problem consisting of three Volterra-type equations, which is the mathematical model of this reaction. We carry out a local study of the neighborhood of the system's non-trivial equilibrium state and define a critical parameter at which the stability is lost in this neighborhood in an oscillatory manner. Using standard replacements, we construct the normal form of the considered system and the form of its coefficients, that define the qualitative behavior of the model, and show the graphical representation of these coefficients depending on the main system parameters. The obtained normal form makes it possible to prove a theorem on the existence of an orbitally asymptotically stable limit cycle, which bifurcates from the equilibrium state, and find its asymptotics. To identify the applicability limits of the found asymptotics, we compare the oscillation amplitudes of one periodic solution component obtained on the basis of asymptotic formulas and by numerical integration of the model system. Along with the main case of Andronov-Hopf bifurcation, we consider various combinations of normal form coefficients obtained by changing the parameters of the studied system and the resulting behavior of solutions near the equilibrium state. In the second part of the paper, we consider the problem of diffusion loss of stability of the spatially homogeneous cycle obtained in the first part. We find a critical value of the diffusion parameter at which this cycle of the distributed system loses its stability.
INTRODUCTION
The reaction of our interest was discovered by B.P. Belousov in 1951, but it became widely known much later: in a reduced form, the results of the oscillatory reaction studies were published eight years after in a departmental collection of limited edition (see [1] ), and a detailed paper on this topic was published only 30 years later (see [2] ). An experimental analysis of this reaction and the first corresponding mathematical model were published in the papers of A.M. Zhabotinskiy (see [3] ).
We study a fairly simplified mathematical model in terms of the composition of reaction components. The interaction between the considering substances that enter into Belousov reaction, namely bromous acid , cerium , and bromide (see [3] ), can be clearly described by the following scheme (see Fig. 1 ), where the sign " " means that the presence of one substance contributes to the appearance of another, and the sign " " indicates the oppression of one substance by another. Proceeding from the phenomenological proximity of the resulting substances interaction scheme to the predator-prey problem, in [4] a system of differential equations was proposed to describe this reaction, and in [5] the system was modified to model the occurring chemical processes more accurately.
PROBLEM STATEMENT
Let us consider the boundary value problem of the following form: where functions are responsible for the concentration densities of , , and respectively, , ; is the Laplace operator; is the bounded flat area with smooth boundary and the measure equal to unity, is the direction of the outer normal to ; parameters are positive;
; and , . Our problem consists in finding the condition for the loss of the limit cycle's stability in the neighborhood of the nontrivial equilibrium state of system (1) at parameter close to critical and changing diffusion parameters. To do this, at first, we have to construct the asymptotics of this cycle. Let us note that in [5] for the case the corresponding cycle was studied using the large parameter method. For further analysis, we introduce the auxiliary notations: , , and . Local analysis of the problem (1) will be carried out near the equilibrium state , since for
a system without diffusion terms loses stability in an oscillatory manner.
LOCAL ANALYSIS OF THE NEIGHBORHOOD OF EQUILIBRIUM STATE
AT CLOSE TO CRITICAL Let us specify the problem formulation for the given case. We consider the problem for a spatially homogeneous solution of the system (1), in which we assume that , where is a positive small parameter, is determined by the formula (2), and at this value the equilibrium state loses stability in an oscillatory manner. To do this, we make substitutions: , , and . The resulting system has the form:
Using in the system (3) the standard replacement of the normal forms method (see, for example, [6] ), we search the solution in the form (4) 
r r r r = 1 2 3 p rr r = + + ; slowly changing complex amplitude needs to be determined.
After equating the coefficients at the same degrees , in the third step, from the condition of the problem solvability for in the class of trigonometric polynomials, we obtain the equation on :
which has a self-similar solution of the form , where and satisfy the following equations: Here, determines the amplitude, and ϕ determines the correction to the oscillation frequency. Parameters , and have the form:
Further, we will only be interested in the amplitude of the oscillatory mode, therefore , for brevity, will not be given here. For the case , and , the dependence of and on parameter is shown in Fig. 2 . Here, the solid line indicates a zone of positive values, and the dashed line indicates a zone of negative values.
Based on formulas for and and taking into account the requirement of positivity for parameter , we can distinguish the following factors, which determine signs of these quantities: , , and . Considering that the standard Andronov-Hopf bifurcation is realized at and (see [6] ), we formulate the main statement of this section. Theorem 1. Let the following inequalities hold:
and , where is defined by the formula (2). Then, there exists such that for all in some sufficiently small neighborhood of zero there is a bifurcating from it orbitally asymptotically stable limit cycle of the system (3) with the asymptotics (4).
( ) 3  2  4  2  3  0  2  1  2  1  3  2  3  1  2  3  2  2  3  2  3  2  3  1 3  3 2  2  2 ( If and , the zero equilibrium state of the system (3) strictly loses stability, at it is approached by an unstable cycle, which at merges with a given equilibrium state and takes away the stability from it. Such bifurcation is realized in the system (3) if the following inequalities are satisfied: (6) The sets defined by the conditions (5) or (6) are nonempty, since they are realized, for example, at , , ,
Note that the oscillation amplitude of the system's limit cycle is determined by . In order to clarify the applicability limits of Theorem 1, we calculated the amplitude of the oscillations for a fixed set of parameters by the analytical result and in a numerical experiment. We denote the amplitude obtained by the numerical method as . It is easy to see from the Table 1 that asymptotic formulas retain accuracy within a wide range of parameter variation.
DIFFUSION LOSS OF STABILITY OF A SPATIALLY HOMOGENEOUS CYCLE OF THE BOUNDARY VALUE PROBLEM (1)
Further analysis will be carried out in the case of and , if the inequalities (5) are satisfied. We assume that (7) Then, the methods of local analysis can be used to find the value at which the constructed spatially homogeneous cycle with the asymptotics (4) loses stability. To determine such critical value and the nature of a spatially inhomogeneous cycle bifurcating from a homogeneous one, we will proceed by analogy with computations of papers [7] [8] [9] [10] .
After completing the replacement in the boundary value problem (1) with the condition (7) (8) we obtain the quasinormal form:
where , vector is such that , and matrix has the form Making the following substitutions in the equation (9): , and changing the notation , we obtain the Ginzburg-Landau equation of the form (10) where , , and . 
, , , , , = ε ξ τ, + . . + ε ,τ, + ε ,τ, + , (10), it is known that its rough modes correspond, at sufficiently small , to the rough modes of the original system (1) with the condition (7) of the same stability [11] .
T i t u t s t s w t s he s U t s U t s … v
The equation (10) has a homogeneous cycle (11) In the point model, the cycle (11) is orbitally asymptotically stable. To study the stability of this cycle in the case of a distributed model, we supplement the boundary value problem (10) with complex conjugate boundary value problem (12) After this, we make replacements (13) where , , and discard the nonlinear terms, as a result of which we obtain the system of equations (14) to which, in the case when the area is a square , we apply the Fourier method based on system of functions , . As a result, we find that the stability of the homogeneous cycle (11) in relation to spatially inhomogeneous perturbations of the initial conditions is determined by the location of the spectrum of set of matrices (15) where and do not equal to zero simultaneously. Analysis of the matrices (15) leads to the conclusion that the cycle (11) of the boundary value problem (10) is stable (unstable) at ( ), where
Considering the positivity of parameter , it follows from the formula (16) that the emergence of diffusion instability of the cycle requires the following condition to hold:
Thus, the following statement is proven.
Theorem 2.
Let the conditions (7) and (17) be fulfilled, then for all sufficiently small , the boundary value problem (1) has a spatially homogeneous cycle whose asymptotics is given by the formula (4), and this cycle is exponentially orbitally stable for and unstable for , where is defined by the formula (16).
When parameter passes through the critical value , the spatially homogeneous cycle loses stability in a divergent manner, and four symmetric spatially inhomogeneous cycles bifurcate from it. Numerical analysis, for which we plan a separate publication, showed that the dynamic properties of these cycles (average value over space, minimums over space, minimums of average over space) remain almost unchanged in comparison with a spatially homogeneous cycle, while at a sufficiently small diffusion coefficient the problem has stable modes of complex structure with physically more meaningful properties (see for comparison [10] ).
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